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ROTA-BAXTER PAIRED MODULES AND THEIR CONSTRUCTIONS FROM HOPF
ALGEBRAS
HUIHUI ZHENG, LI GUO, AND LIANGYUN ZHANG
Abstract. In this paper, we introduce the concept of a Rota-Baxter paired module to study Rota-
Baxter modules without necessarily a Rota-Baxter operator. We obtain two characterizations of
Rota-Baxter paired modules, and give some basic properties of Rota-Baxter paired modules. Be-
ginning with the connection between the notion of integrals in the representations of Hopf algebra
and of the notion of an integral algebra as a motivation and special case of Rota-Baxter algebra of
weight zero, we obtain a large number of Rota-Baxter paired modules from Hopf related algebras
and modules, including semisimple Hopf algebras, weak Hopf algebras, Long bialgebras, quasi-
triangular Hopf algebras, weak Hopf modules, dimodules and Doi-Hopf modules. Some of them
give new examples of Rota-Baxter algebras.
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1. Introduction
A Rota-Baxter algebra (first known as a Baxter algebra) is an algebra A with a linear operator
P on A that satisfies the Rota-Baxter identity
(1) P(x)P(y) = P(P(x)y) + P(xP(y)) + λP(xy) for all x, y ∈ A,
where λ, called the weight, is a fixed element in the base ring of the algebra A [5, 24].
In the 1960s, Rota began a systematic study of Rota-Baxter algebras from an algebraic and
combinatorial perspective in connection with hypergeometric functions, incidence algebras and
symmetric functions [24]. In the Lie algebra context, the Rota-Baxter operator of weight zero
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was rediscovered by the physicists in the 1980s as the operator form of the classical Yang-Baxter
equation [25].
At the turn of this century, Rota-Baxter algebra, together with Hopf algebra and pre-Lie alge-
bra, appeared as the main algebraic structures underlying the Connes-Kreimer approach [11] of
renormalization in quantum field theory. Hopf algebra is also one of the main directions in the
theoretical study of Rota-Baxter algebra. In 2003, Andrews et al. [2] constructed a new class of
Hopf algebras on free Rota-Baxter algebras by using combinatorial methods. Later study of Rota-
Baxter algebras with examples and connections to Hopf algebras can be found in [12], [17] and
[19]. Recently, Brzezin´ski [8] and Gao-Guo-Zhang [14] established the relationships between
Rota-Baxter algebras and Hopf algebras by covariant functors and cocyles respectively.
To study the representations of Rota-Baxter algebras, the concept a Rota-Baxter module was
introduced in [16] and was related to the ring of Rota-Baxter operators. By definition, a Rota-
Baxter module over a Rota-Baxter algebra (A, P) is a pair (M, T ) where M is a (left) R-module
and T : M → M is a k-linear operator such that
(2) P(a) · T (m) = T (P(a) · m) + T (a · T (m)) + λT (a · m) for all a ∈ A,m ∈ M.
Further studies in this direction were pursued in [13, 18, 23] on regular-singular decompositions,
geometric representations and derived functors of Rota-Baxter modules, especially those over the
Rota-Baxter algebras of Laurent series and polynomials.
The present study stemmed from the observation that, in the defining equation (2) of a Rota-
Baxter operator T on a module M, the axiom in Eq. (1) of a Rota-Baxter operator P on an algebra
R is not strictly needed. This suggests that Rota-Baxter modules can be considered in a much
broader context in which the operator T on the module M is required to satisfy Eq. (2), without
requiring P to satisfy Eq. (1). This lead us to the concept of a Rota-Baxter paired module,
meaning that P is paired with T to form a Rota-Baxter module. This gives a natural generalization
of Rota-Baxter modules.
Two aspects of Rota-Baxter paired suggest that the benefit of studying Rota-Baxter paired mod-
ules. On the one hand, many properties of Rota-Baxter modules, even of Rota-Baxter algebras,
are naturally generalized to Rota-Baxter paired modules. Of course, there are properties which
are completely new to Rota-Baxter paired modules. In fact, under suitable linearity and idempo-
tent properties of a linear operator T on a module, we show that the operator gives a Rota-Baxter
paired module regardless the operator P on the algebra (Theorem 2.4), leading to the concept of
a generic Rota-Baxter paired module.
On the other hand, the more relaxed condition on Rota-Baxter paired allows it to have broader
connections and applications, especially to Hopf algebras. A case in point is the notion of an
integral, a notion which appears both in Rota-Baxter algebras and to Hopf algebras with different
meanings. The integral is one of the motivations and special cases of Rota-Baxter algebras (of
weight zero). It is also a basic tool to study the representations of Hopf algebras. As we will see
(Corollary 3.2), integrals in Hopf algebras are naturally related to Rota-Baxter paired modules,
of weight -1 instead of zero.
We present these two aspects in the two main sections of this paper. In Section 2, we introduce
the basic concept of Rota-Baxter paired modules and give some preliminary examples of Rota-
Baxter paired modules, for example, on the endomorphism algebra End(M) of a Rota-Baxter
paired module M. We obtain two characterizations of Rota-Baxter paired modules. One is a
generalization of the Atkinson factorization [3, 15]. One is new for Rota-Baxter paired module
under the assumption of quasi-idempotency. Further properties of Rota-Baxter paired modules
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are also provided. In Section 3, we construct a large number of Rota-Baxter paired modules
from Hopf algebra related structures. Along the way, we obtain new examples of Rota-Baxter
algebras. We first apply a linear functional, especially an integral, on a Hopf algebra H to give
a Rota-Baxter paired module structure on H. We also obtain Rota-Baxter paired modules on
H from a target map on a weak bialgebra H and an antipode on a quantum commutative weak
Hopf algebra H. We then consider modules over a Hopf algebra and equip the modules with
Rota-Baxter paired module structures via the antipodes. On a module which is left module over
a bialgebra H and at the same time a right comodule over H (a left, right H-dimodule), generic
Rota-Baxter paired modules are obtained from linear functional on H which are idempotent under
the convolution product, with special attention given to cointegrals, skew pairing Long bialgebras,
braided bialgebras and quasitriangular bialgebras. Finally we build Rota-Baxter paired module
structures from weak right Doi-Hopf modules on a weak Hopf algebra.
Notations. Throughout the paper, all algebras, linear maps and tensor products are taken over
a fixed commutative ring k unless otherwise specified. Likewise, an algebra means a unitary one
and a module means a left unitary one.
2. Rota-Baxter paired modules
In this section, we introduce the concept of a Rota-Baxter pair module, its characterizations
and other properties.
2.1. Rota-Baxter pairedmodules and their characterizations. For a Rota-Baxter algebra (A, P)
defined in Eq. (1), the linear map P is called a Rota-Baxter operator of weight λ.
We refer the reader to [15] for further discussions on Rota-Baxter algebras and only give the
following simple examples of Rota-Baxter algebras which we will be revisited later.
Example 2.1. (a) Let A be an algebra. If A is a augmented algebra [22] in the sense that there
exists an algebra homomorphism f : A → k, then (A, P f ) is a Rota-Baxter algebra of
weight −1, where the operator P f is given by
P f : A → A, a 7→ f (a)1A for all a ∈ A.
(b) Fix an r ∈ A and define a map
P : A → A, P(a) = ra for all a ∈ A.
Then, (A, P) is a Rota-Baxter algebra with weight −1 if only if r2 = r since Eq. (1) is
equivalent to r2ab − rab = 0 for all a, b ∈ A, in particular for a = b = 1. Take A to be the
n×nmatrix algebra Mn(R) with entries in the real number field and, for any j = 1, 2, · · · , n,
let E j j denotes the n × n matrix whose ( j, j)-entry is 1 and other entries are 0. Then we
have Rota-Baxter algebras (Mn(R), P j) of weight −1, where
P j : Mn(R) → Mn(R), M 7→ E j jM for all M ∈ Mn(R).
Now we introduce the key concept of this paper.
Definition 2.2. Fix a λ ∈ k. Let A be an algebra and M a left A-module. A pair (P, T ) of linear
maps P : A → A and T : M → M is called a Rota-Baxter paired operator of weight λ on
(A,M) or simply on M if
(3) P(a) · T (m) = T (P(a) · m) + T (a · T (m)) + λT (a · m) for all a ∈ A,m ∈ M.
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We then call the triple (M, P, T ) a Rota-Baxter paired A-module of weight λ. We also called the
pair (M, T ) a special Rota-Baxter paired A-module of weight λ, matched with P.
For a given linear operator T : M → M, if for every linear map P : A → A, (M, P, T ) is a
Rota-Baxter paired A-module of weight λ, then (M, T ) is called a generic Rota-Baxter paired
A-module of weight λ.
A Rota-Baxter paired A-submodule N of a Rota-Baxter paired A-module (M, P, T ) is an
A-submodule N of M such that T (N) ⊆ N. Then N is a Rota-Baxter paired A-module. A Rota-
Baxter module map f : (M, P, T ) → (M′, P′, T ′) of the same weight λ is a A-module map
such that f ◦ T = T ′ ◦ f . Then ker f and im f are Rota-Baxter paired A-submodules of M and
M′ respectively. The same notions can be defined for right (generic) Rota-Baxter paired A-
module, etc.
Example 2.3. (a) Let A be an algebra, regarded also as a left A-module. If (A, P) is a Rota-
Baxter algebra of weight λ, then, (A, P, P) is a Rota-Baxter paired A-module of weight
λ. In particular, let A be a augmented algebra. Then, by Example 2.1, (A, P f , P f ) is a
Rota-Baxter paired A-module of weight −1.
(b) By Example 2.1 and the previous example, we see that (Mn(R), P j, P j) is a Rota-Baxter
paired Mn(R)-module, for any j = 1, 2, · · · , n, where P j : Mn(R) →Mn(R) is given by
P j(M) = E j jM.
In what follows, we give conditions for an A-module to be a Rota-Baxter paired module or a
generic Rota-Baxter paired module.
Recall that a linear operator T : M → M is called quasi-idempotent of weight λ if T 2 =
−λT [1, 16]. We have the following characterization of generic Rota-Baxter paired modules.
Theorem 2.4. Let M be a left A-module.
(a) Let T : M → M be A-linear. Then the following statements are equivalent.
(i) (M, T ) is a generic Rota-Baxter paired A-module of weight λ;
(ii) There is a linear operator P : A → A such that (M, P, T ) is a Rota-Baxter paired
A-module of weight λ. That is, (M, T ) is a special Rota-Baxter paired A-module for
some P : A → A.
(iii) T is quasi-idempotent of weight λ;
(b) Let T : M → M be k-linear. Denote
CM := {a ∈ A | T (a · m) = a · T (m)}.
Then CM is a subalgebra of A and T is CM-linear.
(c) Let T : M → M be k-linear. The following statements are equivalent.
(i) (M, T ) is a generic Rota-Baxter paired CM-module of weight λ;
(ii) There is a linear operator P : CM → CM such that (M, P, T ) is a Rota-Baxter paired
CM-module of weight λ;
(iii) T is quasi-idempotent of weight λ.
Proof. (a) Under the A-linearity condition of T , for any given linear operator P : A → A, Eq. (3)
is equivalent to xT 2(m) + λxT (m) = 0 for all x ∈ A and m ∈ M, which is equivalent to T 2(m) +
λT (m) = 0 for all m ∈ M since A is unitary. Thus we have ((ai)⇐⇒ (aiii)). In a similar way, we
can prove that ((aii)⇐⇒ (aiii)).
(b) It is straightforward to check that CM is a subalgebra of A. Then theCM-linearity of T follows
from Item (a) in replacing A by CM .
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(c) follows from combining Items (a) and (b). 
See Section 3 for application of this theorem to the constructions of Rota-Baxter paired mod-
ules from Hopf algebras.
We next generalize to Rota-Baxter paired modules the Atkinson factorization [3] as presented
in [16].
Theorem 2.5. Let M be an A-module and let P : A → A, T : M → M be linear maps. Let λ ∈ k
have no zero divisors in M and define T˜ , P˜ as in Eq.(5). Then, (M, P, T ) is a Rota-Baxter paired
A-module of weight λ , 0 if and only if, for any given a ∈ A and m ∈ M, there is n ∈ M such that
(4) P(a) · T (m) = T (n), P˜(a) · T˜ (m) = −T˜ (n).
Proof. Let (M, P, T ) be a Rota-Baxter paired A-module of weight λ. Then, for any a ∈ A,m ∈ M,
we have
P(a) · T (m) = T (P(a) · m) + T (a · T (m)) + λT (a · m).
Let n = P(a) · m + a · T (m) + λ(a · m). Then the above equality gives
P(a) · T (m) = T (n).
From the proof of Proposition 2.7, we obtain
P˜(a) · T˜ (m) = −T˜ (n).
Now we consider the converse. For any a ∈ A,m ∈ M. Suppose that there exists n ∈ M such
that P(a) · T (m) = T (n) and P˜(a) · T˜ (m) = −T˜ (n). Then we have
−λn = T (n) + T˜ (n) = P(a) · T (m) − P˜(a) · T˜ (m)
= P(a) · T (m) − ((λa + P(a)) · (λm + T (m)))
= P(a) · T (m) − (λ2(a · m) + λ(a · T (m)) + λ(P(a) · m) + P(a) · T (m))
= −λ(P(a) · m + a · T (m) + λ(a · m)).
So we get
n = P(a) · m + a · T (m) + λ(a · m),
P(a) · T (m) = T (n) = T (P(a) · m) + T (a · T (m)) + λT (a · m),
as needed. 
2.2. Other properties of Rota-Baxter paired modules. We now generalize basic properties of
Rota-Baxter algebras and Rota-Baxter modules to Rota-Baxter paired modules.
Let (M, P, T ) be an Rota-Baxter paired A-module of weight λ. First it follows directly from
the Rota-Baxter paired module axiom (3) that T (M) is closed under the action of P(A). Next for
µ ∈ k, (M, µP, µT ) is a Rota-Baxter paired A-module of weight λµ. We also have the following
generalization of Rota-Baxter algebras and Rota-Baxter modules.
Proposition 2.6. Let (Mi, P, Ti), i ∈ I, be a family of Rota-Baxter paired A-modules of weight λ.
Define
T :
⊕
i∈I
Mi →
⊕
i∈I
Mi, (mi) 7→ (Ti(mi)) for all (mi) ∈
⊕
i∈I
Mi.
Then (⊕i∈IMi, P,T) is a Rota-Baxter paired A-module of weight λ.
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Proof. For any a ∈ A, (mi) ∈ ⊕i∈IMi, we have
P(a) · T(mi) = P(a) · (Ti(mi)) = (P(a) · Ti(mi))
= (Ti(P(a) · mi)) + Ti(a · Ti(mi)) + λTi(a · mi)
= T(((P(a) · mi))) + T((a · Ti(mi))) + λT((a · mi))
= T(P(a) · (mi)) + T(a · T((mi)) + λT(a · (mi)).
Thus (⊕i∈IMi, P,T) is a Rota-Baxter A-module of weight λ. 
It follows that the category of Rota-Baxter paired A-modules of weight λ matched with a fixed
linear operator P : A → A is an abelian category.
Proposition 2.7. Let (M, P, T ) be a Rota-Baxter paired A-module of weight λ. Define
(5) P˜ = −λid − P, T˜ = −λid − T.
Then, (M, P˜, T˜ ) is also a Rota-Baxter paired A-module of weight λ.
Proof. Let (M, P, T ) be a Rota-Baxter paired A-module of weight λ. Then, for any a ∈ A,m ∈ M,
P˜(a) · T˜ (m) = (−λid − P)(a) · (−λid − T )(m)
= (−λa − P(a)) · (−λm − T (m))
= λa · λm + P(a) · λm + λa · T (m) + P(a) · T (m)
= λ(λ(a · m) + P(a) · m + a · T (m)) + T (P(a) · m)
+T (a · T (m)) + λT (a · m)
= (λid + T )((a · T (m) + P(a) · m + λ(a · m))
= T˜ (−a · T (m) − P(a) · m − λ(a · m))
= T˜ ((−λa − P(a)) · m + a · (−λm − T (m)) + λ(a · m))
= T˜ (P˜(a) · m + a · T˜ (m) + λ(a · m))
= T˜ (P˜(a) · m) + T˜ (a · T˜ (m)) + λT˜ (a · m)).
This is what we need. 
The following result shows that a Rota-Baxter paired structure can be extended to the endo-
morphism ring.
Proposition 2.8. Let (M, P, T ) be a right Rota-Baxter paired A-module of weight λ. Consider the
left A-module End(M) with the left A-action given by
(a · f )(m) = f (m · a) for all a ∈ A,m ∈ End(M).
Define
T : End(M) → End(M), T( f )(m) = f (T (m)), for all f ∈ End(M),m ∈ M,
and define T˜ as in Eq. (5). Then (End(M), P, T˜) is a left Rota-Baxter paired A-module of weight
λ.
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Proof. For any a ∈ A, f ∈ End(M),m ∈ M, we have
(6)
(P(a) · T˜( f ))(m) = T˜( f )(m · P(a)) = −λ f (m · P(a)) − f (T (m · P(a))),
T˜(P(a) · f )(m) = −λ(P(a) · f )(m) − (P(a) · f )(T (m))
= −λ f (m · P(a)) − f (T (m) · P(a)),
T˜(a · T˜( f ))(m) = −λ(a · T˜( f ))(m) − (a · T˜( f ))(T (m))
= −λT˜( f )(m · a) − T˜( f )(T (m) · a)
= λ2 f (m · a)) + λ f (T (m · a)) + λ f (T (m) · a) + ( f T )(T (m) · a),
λT˜(a · f )(m) = −λ2(a · f )(m) − λ(a · f )(T (m))
= −λ2 f (m · a) − λ f (T (m) · a).
Sum over the last three equations and cancel terms on the right hand side. Applying Eq (3) for
the right Rota-Baxter paired module (M, P, T ), we obtain
P(a) · T˜( f ) = T˜(P(a) · f ) + T˜(a · T˜( f )) + λT˜(a · f ).
Thus (End(M), P, T˜) is a Rota-Baxter paired A-module of weight λ. 
Example 2.9. (a) Suppose that (A, P) is a Rota-Baxter paired algebra of weight 0. Then by
Example 2.2, we obtain a Rota-Baxter paired A-module (A, P, P) of weight 0. So by the
above proposition, (End(A), P, TP) is a Rota-Baxter paired A-module of weight 0, where
TP : End(A) → End(A) is defined by
TP( f )(a) = − f (P(a)),
for f ∈End(A) and a ∈ A.
(b) Let A be the R-algebra of continuous functions on R. Define a map P : A → A by the
integration
P( f )(x) =
∫ x
0
f (t)dt.
Then (A, P) is a Rota-Baxter algebra of weight 0 [15, Example 1.1.4]. So by (a), we see
that (End(A), P, TP) is a Rota-Baxter paired A-module of weight 0, where TP : End(A) →
End(A) is defined by
TP(α)( f ) = −α(P( f )) for all α ∈ End(A), f ∈ A,
that is,
TP(α)( f )(x) = −α
(∫ x
0
f (t)dt
)
.
The following result generalizes a property of Rota-Baxter algebra proved in [1].
Proposition 2.10. Let (M, P, T ) be a Rota-Baxter paired A-module of weight λ.
(a) If T is idempotent, then
(7) (1 + λ)T (a · T (m)) = 0 for all a ∈ A,m ∈ M.
(b) If P and T are idempotent, then
(8) (1 + λ)T (P(a) · m) = 0 for all a ∈ A,m ∈ M.
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(c) If P and T are idempotent, then
(9) (1 + λ)(P(a) · T (m) − λT (a · m)) = 0 for all a ∈ A,m ∈ M.
Proof. (a) Since T 2 = T , from Eq. (3) we obtain
P(a) · T (m) = P(a) · T 2(m) = P(a) · T (T (m))
= T (P(a) · T (m)) + T (a · T (T (m))) + λT (a · T (m))
= T (P(a) · T (m)) + T (a · T (m)) + λT (a · T (m)).
Applying T again and using T 2 = T , we obtain
(1 + λ)T (a · T (m)) = 0.
(b) Since P2 = P, we have
P(a) · T (m) = P2(a) · T (m)
= T (P2(a) · m) + T (P(a) · T (m)) + λT (P(a) · m)
= T (P(a) · m) + T (P(a) · T (m)) + λT (P(a) · m).
Applying T to the equation and using T 2 = T , we obtain
T (P(a) · m) + λT (P(a) · m) = 0.
This gives Eq. (8).
(c) Eq. (9) follows from the first two equations. 
We also have the following doubling property of Rota-Baxter paired modules generalized from
Rota-Baxter algebras.
Proposition 2.11. Let (A, P) be a Rota-Baxter algebra of weight λ, and (M, P, T ) a Rota-Baxter
paired A-module of weight λ. Define another binary operation ⋆ on A by
a ⋆ b = aP(b) + P(a)b + λab,
and another operation ⊲ between A and M by
a ⊲ m = P(a) · m + a · T (m) + λ(a · m),
for a, b ∈ A,m ∈ M. Then the following conclusions hold.
(a) T (a ⊲ m) = P(a) · T (m) for any a ∈ A,m ∈ M.
(b) M with the operation ⊲ is a nonunitary (A, ⋆)-module.
(c) (M, P, T, ⊲) is a (nonunitary) Rota-Baxter paired A-module of weight λ.
Proof. (a) It is direct to check
P(a) · T (m) = T (a ⊲ m).(10)
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(b) We only need to prove that (a ⋆ b) ⊲ m = a ⊲ (b ⊲ m). Applying Eq. (10) and [15, Theorem
1.1.17], we obtain
a ⊲ (b ⊲m) = a ⊲ (P(b) · m + b · T (m) + λ(b · m))
= P(a) · (P(b) · m + b · T (m) + λ(b · m)) + a · T (P(b) · m + b · T (m) + λ(b · m))︸                                     ︷︷                                     ︸
+λ(a · (P(b) · m + b · T (m) + λ(b · m)))
= (P(a)P(b)) · m + (P(a)b) · T (m) + λ(P(a)b) · m + a · T (b ⊲ m) + λ(aP(b)) · m
+(λab) · T (m) + λ(λab) · m
= (P(a)P(b)) · m + (P(a)b) · T (m) + λ(P(a)b) · m + (aP(b)) · T (m) + λ(aP(b)) · m
+(λab) · T (m) + λ(λab) · m
= (P(a)P(b)) · m + (P(a)b + aP(b) + λab︸                    ︷︷                    ︸) · T (m) + λ((P(a)b + aP(b) + λab) · m︸                          ︷︷                          ︸)
= P(a ⋆ b) · m + (a ⋆ b) · T (m) + λ((a ⋆ b) · m)
= (a ⋆ b) ⊲ m.
(c) By the definition of ⊲ and Eq.(4) we have
P(a) ⊲ T (m) = P2(a) · T (m) + P(a) · T 2(m) + λ(P(a) · T (m))
= T (P(a) ⊲ m) + T (a ⊲ T (m)) + λT (a ⊲ m)
as needed. 
3. Constructions of Rota-Baxter paired modules
In this section, we construct Rota-Baxter paired modules from Hopf algebras, weak Hopf al-
gebras, Hopf modules, dimodules and weak Doi-Hopf modules, respectively.
We always work over a fixed field k and will use Sweedler’s notation on coalgebras and co-
modules. For a coalgebra C, we write its comultiplication ∆(c) = c1 ⊗ c2, for any c ∈ C; for a
right (left) C-comodule M, we denote its C-coaction by ρ(m) = m(0) ⊗ m(1) (ρ(m) = m(−1) ⊗ m(0)),
for any m ∈ M. Any unexplained definitions and notations may be found in [21] and [26].
3.1. The construction on Hopf algebras. In this subsection, we construct generic Rota-Baxter
paired modules via Hopf algebras.
Definition 3.1. A left action of the bialgebra H on the algebra A is a linear map
α : H ⊗ A → A, α(h ⊗ a) = h · a for all a, b ∈ A, h, g ∈ H,
such that
(A1) h · (ab) = (h1 · a)(h2 · b),
(A2) 1H · a = a,
(A3) h · (g · a) = (hg) · a.
We will also call A a left H-module algebra.
As a direct consequence of Theorem 2.4, we demonstrate the following connection between
the two meanings of an integral, one for a Hopf algebra and one for a Rota-Baxter algebra,
both having its origin from integrals in analysis. See Example 3.12 for the connection between
cointegrals and Rota-Baxter paired modules.
Let H be a bialgebra. If an element x ∈ H satisfies hx = ε(h)x for any h ∈ H, then we call x
a left integral of H [26]. Suppose that H is a finite dimensional semisimple Hopf algebra. Then
by [26, Theorem 5.1.8], there exists a non-zero left integral e such that ε(e) = 1.
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Corollary 3.2. Let H be a finite dimensional semisimple Hopf algebra. Let A be a left H-module
and define a map T : A → A by T (a) = e · a. Then, (A, T ) is a generic Rota-Baxter paired
H-module of weight −1.
Proof. As a matter of fact, for any a ∈ A, h ∈ H, we have
T 2(a) = T (e · a) = e2 · a = ε(e)e · a = e · a = T (a),
T (h · a) = (eh) · a = ε(h)e · a = h · T (a).
Thus by Theorem 2.4, (A, T ) is a generic Rota-Baxter paired H-module of weight −1. 
Note that imT = AH = {a ∈ A|h · a = ε(h)a, for any h ∈ H}, the invariant subalgebra of A [10].
Example 3.3. (a) Let A be a left H-module algebra. The smash product A#H of A and H is
defined to be the module A ⊗ H with multiplication given by
(a#h)(b#g) = a(h1 · b)#h2g for all a, b ∈ A, h, g ∈ H.
Then A#H is an associative algebra with unit 1A#1H [26]. It is obvious that A and H are
subalgebras of the smash product A#H.
Assume that A is a left H-module algebra. Then we have the smash product A#H, which
is a left H-module via its multiplication. Hence that (A#H, T ) is a generic Rota-Baxter
paired H-module of weight −1, where T : A#H → A#H is given by
T (a#h) = e1 · a#e2h.
(b) In particular, if A = H andH is a finite dimensional Hopf algebra, it is naturally considered
as a left H-module algebra via the adjoint action h ⇀ x = h1xS (h2). So by the above
discussion, (H#H, T ) is a generic Rota-Baxter paired H-module of weight −1, where T :
H#H → H#H is given by
T (g#h) = e1gS (e2)#e3h.
Proposition 3.4. Let H be a Hopf algebra. Equip H∗ with the convolution product. Define a left
action of H∗ on H:
✄ : H∗ ⊗ H → H, f ✄ h = h1 f (h2) for all f ∈ H
∗, h ∈ H.
Then H is a left H∗-module. Let χ ∈ H∗ and define a map T on H by
T (h) = χ(h1)h2.
Then, (H, T ) is a generic Rota-Baxter paired H∗-module of weight −1 if and only if χ2 = χ.
Proof. In fact, for any f ∈ H∗, h ∈ H,
f ✄ T (h) = f ✄ (χ(h1)h2) = χ(h1) f ✄ h2
= χ(h1)h2 f (h3) = T (h1) f (h2)
= T ( f ✄ h).
So T is a left H∗-module homomorphism. Thus by Theorem 2.4, (H, T ) is a generic Rota-Baxter
paired H∗-module of weight −1 if and only if T 2 = T .
It remains to prove that T 2 = T if and only if χ2 = χ. Assume that χ2 = χ. Then, we have
T 2(h) = T (χ(h1)h2) = χ(h1)χ(h2)h3
= χ(h1)h2 = T (h)
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for any h ∈ H. Conversely, if T 2 = T , then by the above expression,
χ(h1)χ(h2)h3 = χ(h1)h2 for all h ∈ H.
This mean χ2(h1)h2 = χ(h1)h2 under the convolution product, that is, χ
2
= χ.
Now the proof is completed. 
3.2. The construction via weak Hopf algebras. In this subsection, we construct Rota-Baxter
paired modules on module structures from weak bialgebras and quantum weak Hopf algebras.
We first recall more backgrounds.
Definition 3.5. Let H be both an algebra and a coalgebra. Then H is called a weak bialgebra [7]
if it satisfies the following conditions:
(a) ∆(xy) = ∆(x)∆(y),
(b) ε(xyz) = ε(xy1)ε(y2z) = ε(xy2)ε(y1z),
(c) ∆2(1H) = (∆(1H) ⊗ 1H)(1H ⊗ ∆(1H)) = (1H ⊗ ∆(1H))(∆(1H) ⊗ 1H),
for any x, y, z ∈ H, where ∆(1H) = 11 ⊗ 12 and ∆
2
= (∆ ⊗ idH) ◦ ∆.
For a weak bialgebra H, there are two linear maps ΠL,ΠR : H → H, called the target map and
source map, respectively. They are defined by
Π
L(h) = ε(11h)12, Π
R(h) = ε(h12)11 for all h ∈ H.
Their images will be denoted by HL and HR, respectively.
By [7] the following equations hold for any x, y ∈ H.
(W1) ΠL ◦ ΠL = ΠL, ΠR ◦ ΠR = ΠR,
(W2) ΠL(ΠL(x)y) = ΠL(x)ΠL(y), ΠR(xΠR(y)) = ΠR(x)ΠR(y),
(W3) ΠL(x)1 ⊗ Π
L(x)2 = 11Π
L(x) ⊗ 12; Π
R(x)1 ⊗ Π
R(x)2 = 11 ⊗ Π
R(x)12,
(W4) ε(ΠR(x)y) = ε(xy) = ε(xΠL(y)).
Proposition 3.6. Let H be a weak bialgebra. Then (H,ΠL) is a generic Rota-Baxter paired HL-
module of weight −1. Further (HL,ΠL) is a Rota-Baxter algebra of weight −1.
Proof. First H is a left HL-module via the multiplication of H. By (W1) and (W2),ΠL : H → H is
idempotent and is a left HL-module map. Thus by Theorem 2.4, (H,ΠL) is a generic Rota-Baxter
paired HL-module of weight −1. Hence (HL,ΠL) is a generic Rota-Baxter paired HL-module of
weight −1. In particular, (HL,ΠL,ΠL) is a Rota-Baxter paired HL-module of weight −1. This
means that (HL,ΠL) is a Rota-Baxter algebra of weight −1. 
Let H be a weak bialgebra. If a linear map S : H → H satisfies the conditions:
x1S (x2) = Π
L(x), S (x1)x2 = Π
R(x), S (x1)x2S (x3) = S (x) for all x ∈ H,
then S is called an antipode of H and H is called a weak Hopf algebra. If so, then by [27], the
following equalities hold:
(W5) ΠL ◦ ΠR = ΠL ◦ S = S ◦ΠR, ΠR ◦ ΠL = ΠR ◦ S = S ◦ΠL,
(W6) x1 ⊗ Π
R(x2) = x11 ⊗ S (12); Π
L(x1) ⊗ x2 = S (11) ⊗ 12x, for any x ∈ H.
A weak Hopf algebra H is called quantum commutative if h1gΠ
R(h2) = hg for any h, g ∈ H.
By [4, Proposition 4.1], H is quantum commutative if and only if HR ⊆ C(H).
Proposition 3.7. Let H be a quantum commutative weak Hopf algebra with antipode S . Define
an adjoint action of H on H by
h ⇀ x = h1xS (h2) for all h, x ∈ H.
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Then (H,ΠL,ΠL) is a Rota-Baxter paired H-module of weight −1.
Note that (H,ΠL) is not a Rota-Baxter algebra.
Proof. We first verify that H is a left H-module under the adjoint action. In fact, for h, g, x ∈ H,
1 ⇀ x = 11xS (12)
(W6)
= 11xΠ
R(12) = x,
h ⇀ (g ⇀ x) = h1g1xS (g2)S (h2)
= h1g1xS (h2g2) = (hg) ⇀ x.
We next verify
(11) ΠL(h ⇀ x) = ΠL(h ⇀ ΠL(x)) for all h, x ∈ H.
This is so since for the left hand side, we have
Π
L(h ⇀ x) = ε(11h1xS (h2))12
(W4)
= ε(ΠR(11h1)xΠ
L(S (h2)))12
(W5)
= ε(ΠR(11h1)xΠ
L(ΠR(h2)))12
(W6)
= ε(ΠR(11h1
′
1
)xΠL(S (1′
2
)))12
= ε(11h1
′
1
xS (1′
2
))12
= ε(111
′
1hxS (1
′
2))12
= ε(11hx)12
= Π
L(hx),
where ∆(1) = 1′
1
⊗ 1′
2
.
For the right hand side, by [30, Corollary 2.2], h ⇀ ΠL(x) = h1Π
L(x)S (h2) = Π
L(hx) for
h, g, x ∈ H. So by (W1), we obtain
Π
L(h ⇀ ΠL(x)) = ΠL(hx).
This proves Eq. (11).
Further we have, for any h, x ∈ H,
Π
L(h) ⇀ ΠL(x) = ΠL(h)1Π
L(x)S (ΠL(h)2)
(W3)
= 11Π
L(h)ΠL(x)S (12)
= Π
L(h)ΠL(x),
Π
L(ΠL(h) ⇀ x) = ΠL(ΠL(h)x)
(W2)
= Π
L(h)ΠL(x),
yielding ΠL(h) ⇀ ΠL(x) = ΠL(ΠL(h) ⇀ x).
Therefore we obtain
Π
L(h) ⇀ ΠL(x) = ΠL(ΠL(h) ⇀ x) + ΠL(h ⇀ ΠL(x)) − ΠL(h ⇀ x),
that is, (H,ΠL,ΠL) is a Rota-Baxter paired H-module of weight −1. 
3.3. The construction on Hopf modules. In this subsection, we construct Rota-Baxter paired
modules via an antipode S of the Hopf algebra H.
Proposition 3.8. Let H be a Hopf algebra with an antipode S , and M a right H-Hopf-module.
Define a map EM : M → M given by
EM(m) = m(0) · S (m(1)) for all m ∈ M.
Then, the following statements hold.
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(a) Define
ε˜H : H → H, ε˜H(h) = εH(h)1H.
Then (M, ε˜H, EM) is a right Rota-Baxter paired H-module of weight −1.
(b) Define a left action of H∗ on M by f ⇀ m = m(0) f (m(1)) for f ∈ H
∗,m ∈ M. Then (M, EM)
is a generic Rota-Baxter paired H∗-module of weight −1.
Proof. Since M is a right H-Hopf-module, we derive E2
M
= EM and
im EM ⊆ M
coH
= {m ∈ M | ρ(m) = m ⊗ 1}.
(a) For any h ∈ H and m ∈ M, we have
EM(m · h) = (m(0) · h1) · S (m(1)h2)
= m(0) · (h1S (h2)S (m(1)))
= m(0) · S (m(1))εH(h)
= EM(m)εH(h).
Thus
EM(EM(m) · h) = E
2
M
(m)εH(h) = EM(m)εH(h)
= EM(m) · ε˜(h),
EM(m · ε˜H(h)) = EM(m)εH(h) = EM(m · h).
Hence we obtain
EM(m) · ε˜H(h) = EM(EM(m) · h) + EM(m · ε˜H(h)) − EM(m · h)
for any h ∈ H,m ∈ M.
(b) Since M is a right H-comodule, (M,⇀) is a left H∗-module. So for any f ∈ H∗ and m ∈ M,
f ⇀ EM(m) = f ⇀ (m(0) · S (m(1)))
= f
(
(m(0) · S (m(1)))(1)
)
(m(0) · S (m(1)))(0)
= f
(
m(0)(1)S (m(1)1)
)
m(0)(0) · S (m(1)2)
= f (m(1)1S (m(1)2))m(0) · S (m(1)3)
= f (1H)m(0) · S (m(1))
= f (1H)EM(m)
= f (EM(m)(1))EM(EM(m)(0))
= EM( f ⇀ EM(m)).
Thus EM is a left H
∗-module map. Again since E2
M
= EM, by Theorem 2.4, (M, EM) is a generic
Rota-Baxter paired H∗-module of weight −1. 
3.4. The construction on dimodules. In this subsection, we construct Rota-Baxter paired mod-
ules via a functional in the dual algebra H∗ of the bialgebra H.
Definition 3.9. Assume that H is a bialgebra. A k-module M which is both a left H-module and
a right H-comodule is called a left, right H-dimodule [9] if for any h ∈ H,m ∈ M, the following
equality holds:
(12) ρ(h · m) = h · m(0) ⊗ m(1),
where ρ is the right H-comodule structure map of M.
Proposition 3.10. Let H be a bialgebra and let f ∈ H∗. Let M be a left, right H-dimodule. Define
a map T : M → M by taking T (m) = m(0) f (m(1)). Then the following statements are equivalent.
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(a) The pair (M, T ) is a generic Rota-Baxter paired H-module of weight −1;
(b) There is a linear operator P : H → H such that (M, P, T ) is a Rota-Baxter paired H-
module of weight −1;
(c) T is idempotent;
(d) f is idempotent under the convolution product.
Proof. Since M is a left, right H-dimodule, Eq. (12) gives
T (h · m) = (h · m)(0) f ((h · m)(1)) = h · (m(0) f (m(1))) = h · T (m) for all h ∈ H,m ∈ M.
Hence T is a left H-module map. Thus by Theorem 2.4, the first three statements are equivalent.
Furthermore,
T (m) = m(0) f (m(1)).
T 2(m) = T (m(0) f (m(1))) = T (m(0)) f (m(1)) = m(0)(0) f (m(0)(1)) f (m(1)) = m(0) f
2(m(1)).
Thus T 2 = T if and only if f 2 = f . 
Let H be a bialgebra. If there exists an element λ ∈ H∗ such that fλ = εH∗( f )λ for any
f ∈ H∗, then, we call λ a left cointegral of H∗. Furthermore, if εH∗(λ) = 1, then, we call H a
cosemisimple bialgebra. In this case, there exists a cointegral χ ∈ H∗ such that χ(1H) = 1. Since
χ2 = χ, by Proposition 3.10 we obtain
Corollary 3.11. Let M be a left, right H-dimodule and let T : M → M be defined by
T (m) = m(0)χ(m(1)).
Then (M, T ) is a generic Rota-Baxter paired H-module of weight −1,
In the following examples, we construct Rota-Baxter paired modules using cointegrals in H∗.
Example 3.12. Suppose that H is a cosemisimple bialgebra with cointegral χ satisfying χ(1H) =
1.
(a) A skew pairing Long bialgebra [20, 28] is a pair (H, σ) consisting of a bialgebra H and
a linear map σ : H ⊗ H → k, satisfying the following conditions: for any x, y, z ∈ H,
(L1) σ(x1, y)x2 = σ(x2, y)x1,
(L2) σ(x, 1) = ε(x),
(L3) σ(x, yz) = σ(x2, y)σ(x1, z),
(L4) σ(1, x) = ε(x),
(L5) σ(xy, z) = σ(x, z1)σ(y, z2).
Assume that (H, σ) is a skew pairing Long bialgebra. Define x ⇀ h = σ(h2, x)h1 for
h, x ∈ H. Then, by [28, Theorem 3.3], we know that (H,⇀,∆) is a left, right H-dimodule.
Thus, defining T : H → H by
T (h) = h1χ(h2),
then by Corollary 3.11, (H, T ) is a generic Rota-Baxter paired H-module of weight −1.
(b) A braided bialgebra [21] is a pair (H, σ) consisting of a bialgebra H and a linear map
σ : H ⊗ H → k, satisfying the following conditions: for any x, y, z ∈ H,
(B1) σ(x1, y1)y2x2 = x1y1σ(x2, y2),
(B2) σ(x, yz) = σ(x1, y)σ(x2, z),
(B3) σ(xy, z) = σ(x, z2)σ(y, z1).
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Let (H, σ) be a braided bialgebra. Define x ⇀ h = σ(x, h1)h2. Then by [29, Example
2.3], (H,⇀,∆) is a left, right H-dimodule. So, by Corollary 3.11, (H, T ) is a generic
Rota-Baxter paired H-module of weight −1, where T : H → H is given by
T (h) = h1χ(h2).
(c) A bialgebra H is called quasitriangular [21] if there is an invertible element R−1 of R =
Ri ⊗ R j ∈ H ⊗ H such that for any h ∈ H,
(Q1) R∆(h)R−1 = τ ◦ ∆(h),
(Q2) (∆ ⊗ id)(R) = R13R23,
(Q3) (id ⊗ ∆)(R) = R13R12,
where τ is a twisted map in H ⊗ H, and R13 = Ri ⊗ 1 ⊗ R j,R
23
= 1 ⊗ Ri ⊗ 1 ⊗ R j,R
12
=
Ri ⊗ R j ⊗ 1.
Let (H,R) be a quasitriangular bialgebra. Define a coaction ρ : H → H ⊗ H by ρ(h) =
hRi ⊗ R j. Then, (H, ρ,m) is a left, right H-dimodule:
(ρ ⊗ id)ρ(h) = (ρ ⊗ id)(hRi ⊗ R j)
= (hRi)R
′
i ⊗ R
′
j ⊗ R j) (R = R
′
i ⊗ R
′
j)
= hRi ⊗ R j1 ⊗ R j2
= (id ⊗ ∆)ρ(h),
ρ(x · h) = xhRi ⊗ R j = x · (hRi) ⊗ R j = x · h(0) ⊗ h(1).
So, by Corollary 3.11, (H, T ) is a generic Rota-Baxter paired H-module of weight −1,
where T : H → H is given by
T (h) = hRiχ(R j).
3.5. The construction on weak Doi-Hopf modules. In this subsection, we construct Rota-
Baxter paired modules from weak Doi-Hopf modules on a weak Hopf algebra via the antipode
S .
Definition 3.13. Let H be a weak bialgebra. A k-algebra A is called a weak right H-comodule
algebra in [6], if there exists a weak right coaction ρ of H on A which is also an algebra map.
That is, the map ρ : A → A ⊗ H such that for any a, b ∈ A:
(WCA1) (ρ ⊗ idH)ρ = (idA ⊗ ∆)ρ,
(WCA2) ρ(1A)(a ⊗ 1H) = (idA ⊗ Π
L)ρ(a),
(WCA3) ρ(ab) = ρ(a)ρ(b).
Definition 3.14. Let H be a weak bialgebra and A a weak right H-comodule algebra. A k-module
M which is both a right A-module and a right H-comodule is called a weak right (A,H)-Doi-
Hopf-module [6, 31] if for any h ∈ H,m ∈ M,
(WH) ρM(m · a) = m(0) · a(0) ⊗ m(1)a(1),
where ρM is the right H-comodule structure map of M.
In the following, we will always assume that H is a weak Hopf algebra, A is a weak right
H-comodule algebra, and M in MHA , the category of weak right (A,H)-Doi-Hopf modules. It is
obvious that H is a weak right H-comodule algebra whose comodule structure map is given by
its comultiplication ∆H.
Theorem 3.15. Assume that H is a weak Hopf algebra and A a weak right H-comodule algebra.
If φ : H → A is a weak right H-comodule algebra map and M ∈ MH
A
, define
EA : A → A, EA(a) = a(0)φS (a(1)) for all a ∈ A
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and
EM : M → M, EM(m) = m(0) · φS (m(1)) for all m ∈ M.
Then, (M, EA, EM) is a right Rota-Baxter paired A-module of weight −1.
Note that, unlike in the previous cases, Theorem 2.4 does not apply in the proof of this theorem.
Proof. Following an argument in [30], we can show that
EM(m) ∈ M
coH
= {x ∈ M | ρ(x) = x(0) ⊗ Π
L(x(1))} for all m ∈ M.
In fact, for any m ∈ M,
ρ(EM(m)) = ρ(m(0) · φS (m(1)))
= (m(0) · φS (m(1)))(0) ⊗ (m(0) · φS (m(1)))(1)
= m(0)(0) · φS (m(1))(0) ⊗ m(0)(1)φS (m(1))(1)
= m(0) · φS (m(1)3) ⊗ m(1)1S (m(1)2)
= m(0) · φS (m(1)2) ⊗ Π
L(m(1)1).
So by (W1), we have EM(m)(0) ⊗ EM(m)(1) = EM(m)(0) ⊗ Π
L(EM(m)(1)), that is, EM(m) ∈ M
coH .
Moreover, for any m ∈ M, a ∈ A, we have
EM(m · a) = (m · a)(0) · φS ((m · a)(1))
= (m(0) · a(0)) · φS ((m(1)a(1)))
= (m(0) · a(0)) · (φS (a(1))φS (m(1)))
= m(0) · (a(0)φS (a(1))φS (m(1)))
= m(0) · (EA(a)φS (m(1))).
So by E2A = EA, we obtain
EM(m · EA(a)) = EM(m · a).
Again by (W5) and the equality EA(a)φ(Π
R(h)) = φ(ΠR(h))EA(a) for any a ∈ A, h ∈ H (see
Lemma 3.1 in [30]), we have
EM(EM(m) · a) = EM(m)(0) · (EA(a)φS (EM(m)(1)))
= m(0) · φS (m(1)2) · (EA(a)φS (Π
L(m(1))))
= m(0) · (φS (m(1)2)φS (Π
L(m(1)))EA(a))
= m(0) · (φS (Π
L(m(1))m(1)2)EA(a))
= m(0) · (φS (m(1))EA(a))
= EM(m) · EA(a).
Hence
EM(m) · EA(a) = EM(EM(m) · a) + EM(m · EA(a)) − EM(m · a),
for any m ∈ M, a ∈ A, that is, (M, EA, EM) is a right Rota-Baxter paired A-module of weight
−1. 
Applying the above theorem, we have
Corollary 3.16. Assume that H is a weak Hopf algebra, A a weak right H-comodule algebra and
φ : H → A a right H-comodule algebra map. Let EA and EM be as defined in Theorem 3.15.
Then, for any right (A,H)-Doi-Hopf module M ∈ MH
A
, the triple (M, EA, EM) is a right Rota-
Baxter paired A-module of weight −1.
ROTA-BAXTER PAIRED MODULES AND THEIR CONSTRUCTIONS FROM HOPF ALGEBRAS 17
Remark 3.17. (a) In the above theorem, by taking M = A, we have A ∈ MHA whose module
structure is given by the multiplication of the weak comodule algebra A. So from a weak
rightH-comodule algebra map φ : H → A, we obtain a right Rota-Baxter paired A-module
(A, EA, EA) of weight −1, where EA : A → A is given by
EA(a) = a(0)φS (a(1)).
Therefore, (A, EA) is a Rota-Baxter algebra of weight −1.
(b) In the above theorem, by taking A = H, it is easy to see that id : H → H is a right
H-comodule algebra map. So for any weak H-Hopf module M, (M, EH, EM) is a right
Rota-Baxter paired A-module of weight −1.
Note here that EH : H → H is given by
EH(h) = Π
L(h).
(c) It is obvious that H ∈ MH
H
has its module and comodule structures are given by its mul-
tiplication and comultiplication. So by above, for any weak Hopf algebra H, (H, EH, EH)
is a right Rota-Baxter paired H-module of weight −1. Hence (H, EH) is a Rota-Baxter
algebra of weight −1.
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